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1. Introduction
Let F be a functor from the category Top of topological spaces to any category C .
Let X be a topological space. We say that a subset U of X is F -contractible (in X) if
F(i) :F(U)→ F(X) is constant [7, Definition 8.2] where i :U → X is the inclusion.
We define catF (X) as the smallest n such that X can be covered by n sets, open and
F -contractible in X. If no such integer exists, then catF (X)=∞.
If F is the natural functor from Top to the homotopy category, catF (X) is the usual
Lusternik–Schnirelmann category of X, cat(X).
If pi1 is the functor from Top to the category of groups defined on objects by pi1(X) =
∗x∈Xpi1(X,x), where ∗ denotes free product, then a subset U of X is pi1-contractible if
and only if every loop in U is nullhomotopic in X. The invariant catpi1(X) was defined
by Fox [2], and has been studied in [1,3]. In [5] it was proved that, if M3 is a closed
3-manifold, cat(M3) and catpi1(M3) depend only of pi1(M3). More precisely:
Theorem [5]. Let M3 be a closed 3-manifold.
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(i) If pi1(M3)= 1 then cat(M3)= 2 and catpi1(M3)= 1.
(ii) If pi1(M3) is free nontrivial then cat(M3)= 3 and catpi1(M3)= 2.
(iii) If pi1(M3) is not free then cat(M3)= catpi1(M3)= 4.
If H is the functor from Top to the category Ab of Abelian groups defined on objects
by H(X)=⊕i>0Hi(X;⊕m>0Zm) where Hi is ith singular homology, and X is a finite
complex then catH(X) is the complete homological category of X defined and studied
by Fox.
We also consider the functor H1 : Top→ Ab where H1 associates to a space its first
singular homology group with integral coefficients.
Clearly catH1(X)6 catH(X)6 cat(X) and catH1(X)6 catpi1(X)6 cat(X). Also, if Mn
is an n-manifold, cat(Mn)6 n+ 1 [8,13] and, if Mn is closed, catH(Mn)> 2. Thus, for a
closed orientable 3-manifoldM3 the number catH(M3) belongs to the set {2,3,4}. By [2],
catH (M3) = 2 if and only if M3 is an integral homology sphere. It remains to find out
when catH (M3) = 3. In [4] it was proved that, if M3 is a closed orientable 3-manifold
with catH (M3) 6 3, then the cohomology ring of M3 with integer coefficients is that of
a connected sum of S3 with n copies of S1 × S2 for some n> 0. In the present paper we
prove the converse of this result.
Similarly, the number catH1(M3) belongs to the set {1,2,3,4}. It is obvious that
catH1(M
3) = 1 if and only if M3 is an integral homology sphere. It remains to find out
when catH1(M3) = 2 and when catH1(M3) = 3. We give the complete answers to these
questions in the following two theorems.
If n is a natural number n(S1×S2) denotes the connected sum of n copies of S1×S2; if
n= 0, n(S1 × S2) denotes S3. The singular cohomology ring of X is denoted by H ∗(X).
If G is a group, let G0 =G, Gn+1 = [G,Gn], Gω =⋂n>0Gn andG′ =G1. A surface is
a connected 2-manifold. We identify S1 with the space of complex numbers modulus 1.
Theorem (Theorems 1 and 2). Let M3 be a closed oriented 3-manifold. The following
statements are equivalent:
(i) catH1(M3)6 2.
(ii) G/Gω is free where G= pi1(M3).
(iii) H1(M3)≈Zn for some n> 0 and there exist disjoint oriented surfaces F1, . . . ,Fn
representing a basis of H2(M3).
Theorem (Theorems 1 and 3). Let M3 be a closed oriented 3-manifold. The following
statements are equivalent:
(i) catH1(M3)6 3.
(ii) H ∗(M3)≈H ∗(n(S1 × S2)) for some n.
(iii) H1(M3)≈Zn for some n> 0 and the image under the homomorphismH3(pi1M3)
→H3(pi1M3/(pi1M3)′) of the fundamental class is 0.
(iv) H1(M3) ≈ Zn for some n > 0 and there are oriented surfaces F1, . . . ,Fn
representing a basis of H2(M3) such that Fi ∩ Fj ∩Fk = ∅ if i < j < k.
(v) catH (M3)6 3.
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We also give surgical characterizations of the manifoldsM3 with catH1(M3)=m.
An n-component link k1 ∪ · · · ∪ kn in a homology sphere Σ3 will be called a boundary
link if there exist disjoint compact orientable surfaces S1, . . . , Sn ⊂Σ3 with ∂Si = ki . (In
the usual definition [14], Σ3 = S3.)
An n-component link L = k1 ∪ · · · ∪ kn in a homology sphere Σ3 will be called a
homology boundary link if there exist n disjoint compact oriented surfaces F1, . . . ,Fn
in the exterior E of L such that each component of each ∂Fi is a longitude and [∂Fi] =
[λi] ∈H1(∂E) where λi is a longitude of ki . An equivalent definition [14] is: (Σ3,L) is a
homology boundary link if G/Gω is free where G= pi1(Σ3 −L).
Let M(L) be the manifold obtained by longitudinal surgery on a link L in a homology
sphere. The closed orientable manifolds M3 with H1(M3) = Zn are those of the
form M(L) where L is an n-component link with all linking numbers equal to zero
(Proposition 3).
We prove that the manifoldsM3 with catH1(M3)= 2 are those obtained by longitudinal
surgery on a boundary link (Theorem 4). Also (Theorem 5), if L is a link in a homology
sphere with all linking numbers equal to zero, catH1 M(L) = 2 iff L is a homology
boundary link, and 1 < catH1 M(L) 6 3 iff all Milnor µ-invariants µ(i, j, k) [10,18] of
weight three of L vanish. We will be working in the PL category.
2. Homotopic and geometric characterizations
In this section we prove that, ifm= 2 or 3, the condition catH1(M3)6m is equivalent to
the condition that the canonical map from M3 into the classifying space BH1(M3) being
deformable to the (m − 1)-skeleton of BH1(M3). More geometrically, this condition is
also equivalent to the existence of n surfaces representing a basis of the free abelian group
H2(M
3) such that the intersection of any m of them is empty.
Lemma 1. Let G be a group and let F be a free group. The following statements are
equivalent:
(i) There is a homomorphism from G to F inducing an isomorphism from G/G′ onto
F/F ′.
(ii) There is an epimorphism from G to F inducing an isomorphism from G/G′ onto
F/F ′.
(iii) G/Gω ≈ F .
Proof. First we show that (i) implies (ii). Let α :G→ F be a homomorphism inducing an
isomorphism from G/G′ onto F/F ′.







G/G′ αˆ α(G)/α(G)′ ıˆ F/F ′
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in which i is inclusion and αˆ (respectively ıˆ) is induced by α (respectively i). Since α and
ρ are epimorphisms so is αˆ. Since ıˆαˆ is an isomorphism αˆ is injective. Hence αˆ and ıˆ are
isomorphisms and so rankα(G) = rankF . Hence, there is an isomorphism ψ from α(G)
onto F . Then the compositionG α→ α(G) ψ→ F is the required epimorphism.
Obviously (ii) implies (i). That (ii) implies (iii) is a consequence of [15, Theorem 3.4]
and the fact that Fω = 1 [9].
Finally, we will show that (iii) implies (ii). There is an epimorphism ϕ :G→ F with
kernel Gω. Since Gω ⊂G′, ϕ induces an isomorphism from G/G′ onto F/F ′. 2
We will need the following two propositions.
Proposition 1 [5, §2]. Let M be a paracompact, locally pathwise connected space and
let n be a natural number. In order that catH1(M) 6 n it is necessary and sufficient
that there exist a complex L of dimension less than n and a map f :M → L such that
f∗ :H1(M)→H1(L) is an isomorphism.
Proposition 2 [19, Lemma 2.1]. Let L be a connected complex, M3 a closed oriented 3-
manifold and f :M3→ L a mapping inducing an isomorphism H1(M3)→H1(L), ν =
f∗([M3]) ∈ H3(L) where [M3] ∈ H3(M3) is the fundamental class. Then the homomor-
phism TorsionH 2(L) _ν−→ TorsionH1(L) is an isomorphism. In particular, if ν = 0 then
TorsionH1(M3)= 0.
The following lemma is essentially proved in [4]; we will, however, give here a different
proof.
Lemma 2. Let M3 be a closed orientable 3-manifold. If catH1(M3) 6 3 then H1(M3) is
free abelian.
Proof. By Proposition 1 there is a map f from M3 to a 2-complex L2 such that
f∗ :H1(M3)→H1(L2) is an isomorphism. Clearly f∗ :H3(M3)→H3(L2) is trivial. Then
Proposition 2 implies that TorsionH1(M3)= 0. 2
If G is a group, the classifying space BG of G is a complex with fundamental groupG
and trivial higher homotopy groups. Thus if H1(M3)≈ Zn and n> 1, one may take an n-
torus S1× S1× · · ·× S1 as BH1(M3). A map into BG is m-deformable if it is homotopic
to a map whose image is contained in the m-skeleton of BG.
Theorem 1. Let M3 be an orientable closed 3-manifold and let m = 2 or 3. Then the
following properties are equivalent:
(i) catH1(M3)6m.
(ii) A map g :M3→ BH1(M3), with g∗ :H1(M3)→H1(BH1M3) an isomorphism, is
(m− 1)-deformable.
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(iii) H1(M3) ≈ Zn, and there exist oriented 2-submanifolds, in general position,
F1, . . . ,Fn of M3 representing a basis of H2(M3) where the intersection of m
different Fi ’s is empty.
(iv) H1(M3)≈Zn, and there exist oriented surfaces, in general position, F1, . . . ,Fn of
M3 representing a basis of H2(M3) where the intersection of m different Fi ’s is
empty.
Remark. Property (ii) is equivalent to: “there exists g :M3→BH1(M3), with
g∗ :H1(M3)→H1(BH1M3)
being an isomorphism, whose image is contained in the (m− 1)-skeleton of BH1(M3)”.
Proof. First we show that (i) implies (ii). By Proposition 1 there is a map f :M3→ Lm−1
with Lm−1 an (m− 1)-complex, such that
f∗ :H1(M3)→H1(Lm−1)
is an isomorphism. Let K = BH1(M3) be the classifying space of the group H1(M3). Let
h :Lm−1→K be a map, with h∗ :H1(Lm−1)→H1(K) an isomorphism, whose image is
contained in the (m− 1)-skeleton K(m−1) of K . Then g = h ◦ f induces an isomorphism
of first homology and its image is contained in K(m−1). This proves (ii).
To show that (ii) implies (iii) let g :M3→ BH1(M3) be an (m− 1)-deformable map
inducing an isomorphism of first homology. Then g∗ :H3(M3)→ H3(BH1M3) is trivial
and so, by Proposition 2, TorsionH1(M3) = 0. Thus, we have H1(M3) ≈ Zn for some
n. We may assume n > m. Write BH1(M3) = S1 × · · · × S1 (n factors). We take as the
(m− 1)-skeleton of BH1(M3) the set Y of points (x1, . . . , xn) in BH1(M3) such that at
least n−m+ 1 of its components are 1.
Deform g such that its image is contained in Y and then further deform it so
that its component gi has −1 as a regular value (i = 1, . . . , n) and the image of
(g1, . . . , gn) :M3→ BH1(M3) is contained in a neighborhood N(Y ) where N(Y ) is the
set of points (x1, . . . , xn) in BH1(M3) such that at mostm− 1 of its components are equal
to −1. Define Fi = g−1i (−1) (i = 1, . . . , n). Then the intersection of m different Fi ’s is
empty.
Since S1 is oriented we can identify H1(S1) with Z. Then we have ϕ :H1(S1 × · · · ×
S1)→ Zn defined by ϕ(α)= (p1∗α, . . . ,pn∗α) where pi :S1×· · ·×S1→ S1 is projection
onto the ith factor. The composition ϕg∗ is an isomorphism sending α ∈ H1(M3) to
(α • [F1], . . . , α • [Fn]) where • denotes intersection number. If αi ∈H1(M3) is such that
ϕg∗(αi) = (0, . . . ,1,0, . . . ,0), where the 1 is the ith component, then {α1, . . . , αn} is a
basis ofH1(M3) and αi •[Fj ] = δij . This implies, by Poincaré duality, that {[F1], . . . , [Fn]}
is a basis of H2(M3). This proves (iii).
To show that (iii) implies (i), let Mj (j = 0, . . . ,m− 1) be the set of points of M3 that
belong to exactly j of the 2-submanifolds F1, . . . ,Fn. Any loop in Mj (j = 0, . . . ,m− 1)
is homotopic, in M , to a loop in M0 and so, it has zero intersection number with each Fi .
This implies thatH1(Mj )→H1(M3) is trivial (j = 0, . . . ,m− 1) becauseH1(M3) is free
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abelian. Let Uj be an open neighborhood of Mj that deformation-retracts to Mj . Then
{U0, . . . ,Um−1} is a cover of M3 with H1-contractible open sets. This proves (i).
Obviously (iv) implies (iii).
Now, we will show that (iii) implies (iv) for m = 3. Among all collections of oriented
2-manifolds in general position F1, . . . ,Fn representing a basis of H2(M3) and satisfying
Fi ∩ Fj ∩ Fk = ∅ for i < j < k choose one such that ∑ni=1 |Fi | is minimal, where |X|
denotes the number of components of X. We claim that |Fi | = 1 for i = 1, . . . , n.
OrientM3. Then the orientations of M3 and of each Fi determine, for every component
C of Fi , a preferred normal based at a point of C. Now associate to each Fi an oriented
graph Fi as follows. The vertices V1, . . . , Vr of Fi are in one-to-one correspondence with
the components ofM3−Fi and the edges e1, . . . , es are in one-to-one correspondence with
the components of Fi . The terminus (respectively origin) of ej is Vk if the preferred normal
(respectively the negative of the preferred normal) based at a point of the component of Fi
corresponding to ej points to the component of M3 − Fi corresponding to Vk . Since M3
is connected so is Fi .
If some Fi had a terminal vertex, that is, a vertex which is an extremity of exactly one
edge e and e is not a loop, then we could replace Fi by Fi −C where C is the component
corresponding to e, contradicting the minimality of
∑n
i=1 |Fi |. Hence no Fi has a terminal
vertex.
Suppose some Fi had two different edges with the same terminus. Then one could join
two different components of Fi with a tube missing
⋃
j 6=k(Fj ∩Fk) to produce an oriented
2-manifold homologous to Fi with less components than Fi , contradicting the minimality
condition. Hence no Fi has two different edges with the same terminus.
Similarly one proves that no Fi has two edges with the same origin.
Since Fi does not have two edges with the same terminus or origin and Fi has no
terminal vertex it follows that Fi is an oriented cycle with n edges. Moreover, we must have
n = 1 since the n edges represent homologous surfaces and [Fi] ∈ H2(M3) is primitive.
Therefore each Fi is a loop and so each Fi is connected. This proves that (iii) implies (iv)
for m= 3.
Next we will show that (ii) implies (iv) for m = 2. There is a map from M3 to the 1-
skeleton of BH1(M3) inducing, on fundamental groups, a homomorphism ϕ :pi1(M3)→
F , with F free, which in turn induces an isomorphism from pi1M3/(pi1M3)′ onto F/F ′.
Using the implication (i) ⇒ (ii) of Lemma 1, we obtain a map f from M3 to a
wedge of n circles
∨n
S1 such that f∗ :pi1(M3)→ pi1(∨n S1) is an epimorphism and
f∗ :H1(M3)→ H1(∨n S1) is an isomorphism. Take n points x1, . . . , xn, different from
the wedge point, one on each circle. We may also assume that f is transverse to each
xi . Among all maps f with the properties above choose one such that
∑n
i=1 |f−1(xi)| is
minimal. We claim that |f−1(xi)| = 1 (i = 1, . . . , n). We have |f−1(xi)| > 1 for each i ,
since f∗ :pi1(M3)→ pi1(∨n S1) is an epimorphism.
If |f−1(xi)| > 1 for some i then, using Stallings method of arc chasing (see, for




∣∣f−11 (xi)∣∣ <∑ni=1 ∣∣f−1(xi)∣∣ contradicting our minimality assumption. Hence
|f−1(xi)| = 1 for each i . Thus, defining Fi to be f−1(xi), we have that each Fi is
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connected. As in the last part of the proof of the implication (ii) ⇒ (iii) one sees that
[F1], . . . , [Fn] is a basis of H2(M3). This proves that (ii)⇒ (iv) for m= 2.
We have then completed the proof that (i)–(iv) are equivalent. 2
3. Cohomological and pi1 characterizations
Condition (iv) of Theorem 1 gives a geometric characterization of the closed orientable
3-manifoldsM3 satisfying catH1(M3)6m. In Theorems 2 and 3 we give characterizations
in terms of pi1(M3) and cohomological characterizations of the condition catH1(M3)6m.
If we orient M3, we denote by µ (respectively θ ) the image of the fundamental class
[M3] ∈H3(M3) under the canonical homomorphismH3(M3)→H3(H1M3) (respectively
H3(M3) → H3(pi1M3)). The condition µ = 0 (respectively θ = 0) is, of course,
independent of the orientation given toM3. The condition catH1(M3)6 3, which turns out
to be equivalent to catH(M3)6 3, is equivalent (Theorem 3(v)) to µ= 0, that is, using the
terminology of [19], to M3 having the abelian homotopy type of n(S1 × S2) for some n>
0. This can be compared with the fact, implicit in [5], that cat(M3)6 3 (or catpi1(M3)6 3)
is equivalent to θ = 0, that is, to M3 having the homotopy type of n(S1 × S2) for some
n > 0 [16,17]. Thus µ (respectively θ ) is the obstruction to covering M3 with three
open sets H -contractible (respectively contractible) in M . In Theorem 3, (ii) ⇒ (iii) is
essentially proved in [4]. However, we will not use [4] and give a different proof here.
Theorem 2. Let M3 be an orientable closed 3-manifold. The following properties are
equivalent:
(i) catH1(M3)6 2.
(ii) G/Gω is free where G= pi1(M3).
Proof. By Lemma 1, (ii) is equivalent to the existence of a homomorphism from G
into a free group F inducing an isomorphism from G/G′ onto F/F ′. By Proposition 1,
(i) is equivalent to the existence of a map f from M3 into a 1-complex L such that
f∗ :H1(M3)→ H1(L) is an isomorphism; such a map induces a homomorphism from
pi1(M3) into the free group pi1(L) inducing an isomorphism in first homology. Also writing
F = pi1(L) where L is a 1-complex, any homomorphism from G into F inducing an
isomorphism on abelianizations is induced by a map f :M3→L such that f∗ :H1(M3)→
H1(L) is an isomorphism. Hence (i) and (ii) are equivalent. 2
Theorem 3. Let M3 be a closed orientable 3-manifold. The following properties are
equivalent:
(i) catH1(M3)6 3.
(ii) catH (M3)6 3.
(iii) The cohomology ring of M3 is isomorphic to that of n(S1 × S2) for some n> 0.
(iv) The homomorphism H3(pi1M3)→ H3(H1M3), induced by abelianization, is triv-
ial.
(v) µ= 0.
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Proof. (i) ⇒ (ii) By the arguments of [12] (see also [11]) there exist handlebodies with
T1, T2 and T3 such that T1 ∪ T2 ∪ T3 =M3 and H1(Ti)→H1(M3) is trivial (i = 1,2,3).
Letting Ui be an open regular neighborhood of Ti we have an open cover {U1,U2,U3} of
M3 with 3 open sets H -contractible in M3.
(ii)⇒ (i) is obvious.
(i) ⇒ (v) By Theorem 1 the canonical map f :M3→ BH1(M3) is 2-deformable and
therefore f∗ :H3(M3)→ H3(BH1M3) is trivial and so the image µ of a generator of
H3(M3) under f∗ is zero.
(v) ⇒ (iii) Since the canonical map f :M3→ BH1(M3) induces an isomorphism on
first homology and µ= 0 it follows from Proposition 2 that TorsionH1(M3)= 0.
Now, if a, b, c ∈ H 1(BH1M3) and [M3] ∈ H3(M3) is a generator, we have 〈f ∗a ∪
f ∗b ∪ f ∗c, [M3]〉 = 〈a ∪ b ∪ c, f∗([M3])〉 = 〈a ∪ b ∪ c,µ〉 = 0 and so α ∪ β ∪ γ = 0 for
any α,β, γ ∈H 1(M3) since f ∗ :H 1(H1M3)→H 1(M3) is an epimorphism.
Since H1(M3) is free abelian we can take dual bases {e1i } in H 1(M3) and {e2j } in




k , then 0 =
e1k ∪ e1i ∪ e1j = nkγ , where γ ∈ H 3(M3) is a generator, so that nk = 0 for k = 1, . . . , n.
This proves the cohomology ring ofM is isomorphic to that of n(S1×S2) for some n> 0.
(v) ⇒ (iv) Let M3 = M31 # · · ·#M3r be the connected sum decomposition of M3 into
prime factors. This induces a decomposition of pi1(M3) as a free product, pi1(M31 ) ∗ · · · ∗
pi1(M3r ), and, abelianizing, a decomposition of H1(M3) as a direct sum H1(M31 )⊕ · · · ⊕










where jk and ik are induced by inclusions, pk by projection, α and αk by abelianization.
Notice that plik is trivial if l 6= k and the identity if l = k.
Giving an orientation to M3, denote by θ (respectively by µ) the image of the
fundamental class in H3(pi1M3) (respectively in H3(H1M3)). We have θ =∑rk=1 jk(θk)




















Therefore α = 0.
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(iv)⇒ (v) is obvious.
(iii) ⇒ (i) We will prove that (ii) in Theorem 1 holds for m = 3. Identify BH1(M3)
with the n-torus T n = S1 × S1 × · · · × S1 where n is the rank of H1(M3), which may be
assumed to be n> 3.
Write Tij = A1×A2 × · · · ×An where
Ak =
{ {1} if k /∈ {i, j },
S1 if k ∈ {i, j },
and Tijk =A1 ×A2× · · · ×An where
Al =
{ {1} if l /∈ {i, j, k},
S1 if l ∈ {i, j, k}.
Then T (2) =⋃i<j Tij is the 2-skeleton of T n and T (3) =⋃i<j<k Tijk is the 3-skeleton
of T n.
We can assume that the image of a canonical map f :M3→ T n is contained in T (3).
For i < j < k take a 3-ball Bijk contained in Tijk − T (2). We can assume that every
component of f−1(Bijk) is a 3-ball that is mapped homeomorphically onto Bijk . Write
W =M3 −⋃i<j<k f−1( ˚Bijk). Orient M3; each Tijk has a natural orientation. If C is a
component of f−1(Bijk), let εC be 1 (respectively (−1)) if f |C :C→ f (C) preserves
(respectively reverses) orientation. Let pijk :T n→ Tijk be the projection.
Denoting the fundamental class of H 3(Tijk) by a ∪ b ∪ c, where a, b, c ∈H 1(Tijk), we
have (pijk ◦ f )∗(a ∪ b∪ c)= (pijk ◦ f )∗(a)∪ (pijk ◦ f )∗(b)∪ (pijk ◦ f )∗(c)= 0, that is,
deg(pijk ◦ f )= 0 and so, for i < j < k, ∑εC = 0 where C runs over the components of
f−1(Bijk).
Now we use Stallings’ arc-chasing method. Fix i0, j0 and k0 with i0 < j0 < k0.
Take components C1 and C2 of f−1(Bi0j0k0) such that εC1 = 1 and εC2 = −1. Let
q1 ∈ ∂C1, q2 ∈ ∂C2 be such that f (q1) and f (q2) are the same point q . Let α be an
oriented arc in W , from q1 to q2.
Since f∗ :pi1(M3)→ pi1(T (3)) is an epimorphism, there is a loop β in W , based at q1,
such that fβ and f α represent the same element of pi1(T (3), q). Let γ be an arc inW from
q1 to q2 that is homotopic to β−1α. Then f γ represents the trivial element of pi1(T (3) −⋃
i<j<k
˚Bijk). Using the homotopy extension property one obtains a map f1 :M3→ T (3)
such that f−11 (
⋃
Bijk)= f−1(⋃Bijk), f1|f−1(⋃Bijk)= f |f−1(⋃Bijk) and f1 maps
γ to the point q . Furthermore, we can assume that there is a tubular neighborhoodN of γ in
W such that C1∪N ∪C2 is a 3-ball B and f1(N)⊂ ∂Bi0j0k0 . Since f1|∂B : ∂B→ ∂Bi0j0k0
has degree 0 there is a map f2 :M3 → T (3) such that f2|M3 − ˚B = f1|M3 − ˚B and
f2|( ˚B)⊂ ∂Bi0j0k0 . This map is homotopic to f and f−12 (
⋃
˚Bijk)= f−1(⋃ ˚Bijk)− ˚C1 −
˚C2. Repeating this construction we eventually obtain a map, homotopic to f , whose image
is contained in T (3) −⋃ ˚Bijk . Composing this map with a deformation of T (3) −⋃ ˚Bijk
into T (2) we see that (ii) of Theorem 1 holds and, therefore, catH1(M3)6 3. 2
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4. Surgical characterizations
In this section we give, for m ∈ N , surgical characterizations of the 3-manifolds M3
such that catH1(M3)=m.
An n-component link L in a homology sphere Σ3 is a boundary link if there exist n
disjoint compact orientable surfaces with nonempty boundary whose union has L as its
boundary. (Compare [14].)
A link L in a homology sphereΣ3 with components k1, . . . , kn, is a homology boundary
link if there exist n disjoint compact oriented surfaces F1, . . . ,Fn in the exterior E of L
such that each component of each ∂Fi is a longitude and [∂Fi ] = [λi] ∈H1(∂E) where λi
is a longitude of ki . An equivalent definition [14] is: (Σ3,L) is a homology boundary link
if G/Gω is free where G= pi1(Σ3 −L).
We will see that the manifolds M3 with catH1(M3) = 2 are the ones obtained by 0-
surgery on boundary links, and that a manifoldM3 obtained by 0-surgery on a link (Σ3,L)
with vanishing linking numbers has H1-category two iff (Σ3,L) is a homology boundary
link.
Proposition 3. Let M3 be a closed orientable 3-manifold and n ∈N . Then H1(M3)≈Zn
if and only if M3 can be obtained by longitudinal surgery on an n-component link L in a
homology sphere Σ3 all of whose linking numbers are zero.
Proof. IfM3 is obtained by integral surgery on an oriented n-component linkL1∪· · ·∪Ln
in an oriented homology 3-sphere then H1(M3) ≈ Zn/〈(li1, li2, . . . , lin): 1 6 i 6 n〉
where lii is the (integral) surgery coefficient of Li and lij = lk(Li,Lj ) if i 6= j . Thus,
H1(M3)≈Zn if and only if all lij are 0. This proves sufficiency.
Let K be an oriented link in M3 with components K1, . . . ,Kn which represent a basis
of H1(M3). Let K+i be a framing of Ki , that is, a circle such that Ki ∪ K+i bounds an
annulus in M3. We can assume that K+i is contained in the boundary of a tubular neigh-
borhood Ti of Ki . Denote M3 − int(T1 ∪ · · · ∪ Tn) by E. Now, perform surgery on K so
as to kill K+1 , . . . ,K+n (that is, in the disjoint union (S1 ×D2)1 q · · · q (S1 ×D2)n qE
identify x ∈ ∂(S1 ×D2)i with ϕi(x) ∈ ∂Ti where ϕi : ∂(S1 ×D2)i→ ∂Ti is a homeomor-
phism mapping (1× ∂D2)i onto K+i ). Denote the resulting closed 3-manifold by Σ3 and⋃n
i=1(S1 × {0})i by L (an n-component link in Σ3). Notice that the inverse surgery on
(Σ3,L) produces M3. Now H1(E) ≈ Zn (see, for example, [4, Lemma 1]) and, there-
fore, the inclusion induced epimorphism H1(E)→ H1(M3) is an isomorphism. Since
K+1 , . . . ,K+n represent a basis of H1(M) they also represent a basis of H1(E). Hence
H1(Σ
3)≈ H1E〈[K+1 ], . . . , [K+n ]〉
= 0
andΣ3 is a homology sphere. By the argument at the beginning of the proof, all the linking
numbers of L are 0 and the n surgery coefficients of L are 0. 2
Theorem 4. Let M3 be a closed orientable 3-manifold. Then catH1(M3)= 2 if and only if
M3 can be obtained by 0-surgery on a boundary link.
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Theorem 5. Let M3 be the manifold obtained by 0-surgery on a link L in a homology
sphere Σ3 such that all linking numbers are 0. Then
(i) 1< catH1(M3)6 3 if and only if the Milnor invariants µ(i, j, k)(L) are zero.
(ii) catH1(M3)= 2 if and only if (Σ3,L) is a homology boundary link.
Proof of Theorems 4 and 5. We will prove first that 0-surgery on a homology boundary
link (Σ3,L) produces a manifold M3 with catH1(M3) = 2. Let k1, . . . , kn be the
components of L and let F1, . . . ,Fn be disjoint compact oriented surfaces in the exteriorE
of the link (Σ3,L) such that each component of each ∂Fi is a longitude and [∂Fi] = [λi] ∈
H1(∂E) where λi is a longitude of ki . Capping off the surfaces F1, . . . ,Fn with disjoint
2-disks contained in the surgery tori we obtain disjoint orientable surfaces F̂1, . . . , F̂n
in M3. Notice that, if mi is a suitably oriented meridian of ki contained in ∂E, then
mi • F̂j = δij and m1, . . . ,mn represent a basis of H1(E) and, therefore, ofH1(M3). Thus
{[F̂1], . . . , [F̂n]} is the basis of H2(M3) dual of the basis {[m1], . . . , [mn]} of H1(M3). By
Theorem 1, catH1 M3 = 2. Therefore longitudinal surgery on a homology boundary link
produces a manifold with catH1 = 2. In particular, this proves sufficiency in Theorem 4
since a boundary link is a homology boundary link.
To prove necessity in Theorem 4 assume catH1(M3) = 2. Then by Theorem 1(iv),
H1(M3)≈Zn, for some n ∈N , and there exist disjoint oriented closed surfaces F1, . . . ,Fn
in M3 such that [F1], . . . , [Fn] is a basis of H2(M3).
The complement of
⋃n
i=1 Fi in M3 is connected. Hence, for any i with 16 i 6 n, there
is an oriented simple closed curve αi intersecting Fi at exactly one point and transversely
with αi ∩Fj = ∅ for j 6= i . The classes [α1], . . . , [αn] form a basis ofH1(M3). LetΣ3 be a
3-manifold obtained by surgery on α1∪· · ·∪αn and letLi be the simple closed curve inΣ3
that replaces αi . As shown in the proof of Proposition 3, Σ3 is a homology sphere. Now,
for i = 1, . . . , n, Fi minus a disk neighborhood of αi ∩ Fi is a surface in Σ3 −⋃ni=1Li
whose boundary is a longitude of Li . These n surfaces with boundary are disjoint. Hence
(Σ3,L) is a boundary link.
To prove necessity in Theorem 5(ii), let (M3, α) be obtained by longitudinal surgery
on an n-component link L in a homology sphere Σ3 such that all linking numbers of
L are 0. Assume catH1(M3) = 2. Notice that H1(M3) ≈ Zn and H1(M3 − L) ≈ Zn.
Then by Theorem 4 and Lemma 1, there is an epimorphism pi1(M3)
ϕ→ Fn inducing
an isomorphism pi1M3/(pi1M3)′
ϕ∗→ Fn/F ′n. Since Σ3 − L ≈ M3 − α we also have
an epimorphism pi1(Σ3 − L) → pi1(M3) inducing an isomorphism H1(Σ3 − L) →
H1(M3). Hence there is an epimorphism pi1(Σ3 − L)→ Fn inducing an isomorphism
on abelianizations and therefore (Σ3,L) is a homology boundary link.
We now prove Theorem 5(i). Represent a basis for H1(E) by meridians, E being
the exterior of L in Σ3. We have an isomorphism H1(E)→ H1(M3) (see the proof of
Proposition 3) and therefore these meridians represent a basis {x1, . . . , xn} for H1(M3).
Let ω(1), . . . ,ω(n) be the basis of H 1(M3) such that 〈ω(i), xj 〉 = δij . Denote by [M3] a
generator of H3(M3).
By [18, Theorem C] (see also the lines preceding 1.5 in [18]) one has −ω(i1)∪ω(i2)∪
ω(i)([M3])= µ(i1, i2, i).
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Hence µ(i, j, k)= 0 for any indices i , j , k in {1, . . . , n} if and only if ω(i) ∪ ω(j) ∪
ω(k)= 0 for any such indices. This is equivalent to having a cohomology ring isomorphic
to that of n(S1×S2). Hence, by Theorem 2(iii), the vanishing of all µ(i, j, k) is equivalent
to 1< catH1(M3)6 3. This finishes the proof of Theorem 4. 2
As an example let us consider the manifold M3 obtained by surgery on a 2-component
link L in a homology sphere. Let l be the linking number of the components and p1/q1,
p2/q2 the surgery coefficients. Then, H1(M3) ≈ Zd1 ⊕ Zd/d1 where d = p1p2 − l2q1q2
and d1 = gcd(p1,p2, l) (we define 0/0 as 0). If |d| = 1 then catH1(M3) = 1; if d = 0
and |d1| = 1 or if d = d1 = 0 and L is a homology boundary link then catH1(M3) = 2;
if d = d1 = 0 and L is not a homology boundary link then catH1(M3) = 3; if |d| > 1 or
|d1|> 1 then catH1(M3)= 4.
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